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Abstract 

In this note we present some results concerning the concentration of sequences of 
first eigenfunctions on the limit sets of a Morse-Smale dynamical system on a com- 
pact Riemanniann manifold. More precisely a renormalized sequence of eigenfunctions 
converges to a measure fi concentrated on the hyperbolic sets of the field. The set 
of all possible measure turns out to be a sum of a finite Dirac distributions localized 
at the critical point of the field and absolutely continuous measure with respect to 
the Lebesgue measure on each limit cycles : the coefficients which appear in the limit 
measure can be characterized using the concentration theory. 

In the second part, certain aspects of some first order PDE on manifolds are studied. 
We study the limit of a sequence solutions of a second order PDE, when a parameter of 
viscosity tends to zero. Under some explicit assumptions on some vector fields, bounded 
and differentiable solutions are obtained. We exibit the role played by the limit sets of 
the dynamical systems and provide in some cases an explicit representation formula. 

1 Introduction 

(V n ,g) denotes a compact riemannian manifold of dimension n > 2, with no boundary and 
A g = — Vj V* is the Laplacc-Bcltrami operator. This note concerns the study of the operator 
L e — eA + X)i=i bidi + c acting on smooth functions, when the parameter e converges to 
zero, b is a regular vector field and c is a positive function. 

In the first part, we are interested to study the behavior of the first eigenfunction sequence 
u e associated to the the smallest eigenvalues A e > of the operator L e (u £ ) = A e u e , when 
the parameter e converges to zero. 

Some local results about these sequences are known on bounded domain of R (see 
Friedmann || Q Friedlin Ventceh" ||) : when b has only one attracting point, u e 
converges uniformly on every compact set to a constant as e converges to 0, but when the 
point is repulsive the sequence converges in the distribution sense to a Dirac distribution 
centered at this point. 

The behavior of the first eigenvalue A e as e goes to zero is well known for a large class 
of dynamical system : A e converges to some quantity called the topological pressure P. This 
number is characterized by a variational problem on the set of probability measures : when 
the field b has a finite number of hyperbolic invariant sets K, then the topological pressure 
is 

_ „ f , ddetDcjjf . . 

r = sup{h^ + (c )a/i | supp fi C K and n<p t — invariant) (1) 

Jv n dt 
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The set of measures considered here is all the measures with support in K and invariant by 
the flow, hfi is metric entropy (see ||), cf> t is the flow induced by the vector field b and 
is the differential of 4> restricted to the unstable bundle of K. 

The topological pressure P is attained at a measure, called the equilibrium state (see Q 
[|IJ). When the recurrence set of the field b consists of p hyperbolic sets K i: i = l..p the 
measure [i is concentrated on the union of the K[s. More precisely [i = SiLiPiMKi where 
[Ik is the equilibrium state associate to K+, pi > and 53i=iPi = 1 ( see theorem 3.4 in 

Unfortunately this fruitful approach is not adapted to the study of the first eigenfunction 
problem since the equilibrium measures are not invariant by the flow, in general. However 
we shall see that the limit measures have their supports on the recurrent sets of the field b 
although they are not invariant by the flow. 

In the second part, we gives some results about the behavior of the solutions of the 
equation L e u e — f when e goes to zero, for a given smooth positive function f. Our main 
interest is to find bounded C 1 -solutions and to understand the interaction between the 
geometry of the characteristic curves (trajectories) of the field b and the behaviour of the 
solutions of L e u e — f when e goes to zero. The fascinating point here is that when e goes 
to zero the elliptic equation L e u t — f tends to a hyperbolic one. In this last case the 
singularities of the solutions propagate along the characteristic whereas, in the elliptic case 
there is no propagation of singularities. 

The fields considered here are Morse-Smale ( see Q Q ), that is 1-) the recurent 
set consists of a finite number of hyperbolic stationnary points and periodic orbits 2-) the 
stable and unstable manifolds of the recurrent orbits are pairwise transversal (for all p,q, the 
unstable manifold W u (p) of p and the stable manifold W s (q) of q intersect transversally : 
T a (W u (p)) © T a (W s (q)) = T a (V n ))- A more general class of vector fields will be considered 
elsewhere. 

Theorem 1 Suppose that the first eigenvalue of the operator A g + a is positive and a is a 
positive function with a finite number of minimum points which are not degenerate ( in the 
sense of a Morse). Consider the first eigenvalue problem (which has the following variational 
formulation ) 



e f„ I Vu I 2 + au 2 
\e= inf Jy " ' ' (2) 

ue-ffi(K,)-{o} Jv n u 

Then, when e converges to zero the sequence A e converges to the minimum of the function 
a and the set of limits for the weak topology, when e goes to zero, of the family of measures 

u t dv n — defined by the positive solutionu e of the PDE, 
J Vn u > dv ° 

eA g u e + au e = A c u c on V n (3) 

is contained in the simplex M = {v = X)™=i cf (5/^ , X^I^=i c i ~ 1} °f a ^ probability measures 
with support in the finite set {Pi \ i = l..n} where 5p denotes the Dirac measure at the point 
P. 

Remark : u e is uniquely defined up to a multiplicative constant by the Krein-Rutman 
theorem. 

Consider now the case when b = V</> and the function c is choosen so that the eigenvalue 
A c of the operator L t = eA + X)™=i ^»^» + c is positive on the manifold. To study the family 
u e of solutions of the PDE 

n 

eAu e + bidiU t + cu e = X e u e on V n , (4) 
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we apply the transformation b = V0 = — 2eVip e and consider the new variable v e — u t ^p t . 
Equation ([I]) is transformed into the following PDE where the vector field disappear: 

e 2 Av e + a e v e = eX e v e on V n (5) 

where a e = ce + ^-p — h . 

Proposition 1 Suppose that the following condition is satisfied : at each minimum points 
Pi of the function c, c(Pj) + A0(Pi)/2 > 0. Let v e be a minimizer of the following variational 
problem 



e" J v I Vu | + a t u 2 
e\ t = inf - — r. (6) 



then 

• lim e ^o K = inf v„ (V0) 2 = 

• The set of limits for the weak topology of the measures v 2 dV g is localized at the points 
where the function lim e „»o min a e * s zero. These measures have support on the critical 
points of the vector field b. 

Moreover supy^ v e converges to +oo 

Going back to the sequence of eigenfunctions, we get that for some subsequence of e tending 
to zero 

lim Jv - V = min(V0) 2 = (7) 



v, 



e 



and for any function tp 6 C°°(V n ) we have for some subsequence of e tending to zero 

n 

Y. c *m) ( g ) 



f Vri e-^u^ 



(6) 

I, 



where cf = lim e _>o — p — _ 4>/t 2 (the limit is independant of 6). The set of weak limits of 



the family of measure -A - dV„ is given by cfSp, where Pj are the critical points 



T ~*/' 

of the function <fi, the zero of the vector field b = V(/>. 

Next we will consider vector fields of the following form b = — VL + il where f2 is fixed 
but not of gradient type and we will construct L to be a type of Lyapunov function of Q. 
Using this vector field, we study the behavior of the sequence of the first eigcnfunction for 
the operator L e and we obtain the following theorem : 

Theorem 2 On a compact Riemannian manifold V n , consider a Morse-Smale vector field 
Q not a gradient whose recurrent set consists of the stationnary points Pl, Pm and of the 
periodic orbits Ti,.., T^. L denotes a special Lyapunov function associated with defined 
in the proof of Theorem 2. 

For e > let X e , u e denotes respectively the first eigenvalue and an associated eigenfunc- 
tion of the operator 

eA g + bV + c on V n (9) 
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Then the set of all weak limits as e goes to zero, of the family of normalized measures 

p -L/e 2 jy 

6 U ^ 9 (10) 



f Vn e-V*u*dV g 

is contained in the set M = \v \ v Borel measure, support v C Uj^Ij U {Pi | 1 < i < 
M} and v — /fc(^i)^j + Sfci c i$Pi} where dlj denotes the arc length on Tj, for the 

metric g, Sp i the Dirac measure with support Pi, fj : Tj — > IR are continuous functions 
1 < i < and the a are constants. 

To prove the theorem, we will need 3 lemma 

Lemma 1 There exists a Lyapunov function L for the field fl, such that L is twice dif- 
ferentiable in the neighborhood of the recurrent set of £1 and reaches its minimum on the 
union of the neighborhoods on the recurrent sets only. Outside these neighborhoods, L can 
be arbitrary such that = |(| VL | 2 + 2(VL, Q)) > 

The same type of Lyapunov function L was constructed by Kamin |Q [g| in the case of an 
attractive point. 

Lemma 2 Under the assumptions of Theorem 2 on the vector field fl, 

lim e\ e = = min * (11) 



Lemma 3 Under the assumptions of Theorem 2 on the vector field Q, all weak limits of 
measures v\dV g as e goes to zero are concentrated on the minimum set of the function ^ . 

The measure \i is absolutely continuous with respect to the measure induced by the 
length along the periodic orbit. This is true on each pairwise orbit of the vector field. We 
have 



f-AD-ajjNm. (i2) 

Hi denotes any hypersurface cutting the orbit at the point of abscisse I transversally. 
Remark: The limit is independant of the choice of the hypersurface. 



2 First order PDE on manifolds 

We study the limit of the solution u e of L e (u e ) = /, where / is a given smooth function on 
the manifold, when e tends to zero. The limit of the sequence when e goes to zero, solves 
some first order PDE. For some previous works see ||, Hi and Q. c and / will denote two 
given positive smooth functions and b a vector field. We suppose that cq = infy n c > and 
b = sup XeT1/n l/2(V.j6 fc 4- Vfe6 I )(X i ,Xfc) a finite number. S denotes the set of separatrices 
associates to the dynamical system. We prove the following theorem : 

Theorem 3 On a compact Riemannian manifold, consider a Morse-Smale vector field b 
and let c be a positive function satisfying c{x) > cq > and cq — 6q > 0. / is a differ entiable 
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function. Under these assumptions, there exists a solution u G C°(V n ) such that | Vu |£ 
Loo(V n ) of the first order PDE : 

< b, Vu > +cu = f on V n (13) 

Moreover if the recurrent set of the vector field b{x) consist of a finite number of points 
Pi, ..P p , and c — Co is constant larger than the eigenvalues of Db, then u is in C x {y n — S) 
and u is unique and is completely determined by the values u{Pi) — {(p'j . When b possess 
some limit cycles, the solution is not unique and has no limit near the limit cycles. 

We adapt the previous theorem to the nonlinear first order PDE on a compact manifold. 

<i)((i,i),V«>+c(u,i)u = / (14) 

where b(X, x) is a regular vector field, A is parameter and c(A, x) and / are two given 
functions. The purpose of this part is to find some conditions on f,c and b to insure regular 
solutions, since there exists examples where shocks occur. To prove the existence of solutions 
for ([l4]), we use an elliptic regularization and proceed by successive approximations, (see 
Jausselin et al. 12 ). 

For the last theorem we need the following notations : 

fro = \ sup (Vibk(x,X) + \7 k b i {x,X))(X l ,X k ) 



and 7 = sup AeR xev;i | d x b(X,x) \, a = mf x , x c(X,x)-b Q . A = sup Vn | V/ | +sup Vn (//c) x 

sup y x n I tj| I and (3 = sup Vji | d | . sup^ where we use the notation d = 
We make the following assumptions for the rest of this section 

1. do > (3 that is inf \ tX c(A, x) — bo > sup Vn \ d \ supy re - 

2. (inf A)X c(A, x) - b ) 2 + {sup Vn \ d \ supy re {) 2 > 2 (inf \. x c(A, x) - fe )(sup yii | d \ 
) su Pv„ c+ 4su PA ja; I dyb(X,x) I x supy n I V/ I 

3. If A = inf RxR (c(A, u) + uc'(X, u) - b ) and A 2 - 4Aj > 

These assumptions mean that the minimum of the function c must be large enough with 
respect to the vector field b : it is a hyperbolicity condition. 

Theorem 4 On a compact manifold, consider the parametrized smooth vector field b(X,x), 
and let c(A, x) satisfie c(A, x) > c > and Cq large so that Cq(c — 6 ) > supy (/ | d |) and 
the conditions above satisfied. Then there exists a solution u S W / °°' 1 (K l ) such that the first 
order PDE : 

< b{u, x), Vu > +c(u, x)u — f on V n (15) 

Moreover if the limit set of the vector field b(u, x) is a union of a finite number of points 
Pi,..P p , u is in C x {V n — S), where S is the set of separatrices of the field b{u,x) . If 
the number of solution of c(u(Pi) , Pi)u(Pi) — f(Pi) is finite and equal to k, the number of 
solutions u is k p . 
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